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ARTICLE INFO ABSTRACT

Keywords: In geotechnical engineering, the development of efficient and accurate constitutive models for granular soils

Granular materials is crucial. The micromechanical models have gained much attention for their capacity to account for particle-

C‘f“mm“"e “j‘(’del scale interactions and fabric anisotropy, while requiring far less computational resources compared to discrete

xlclrt?melchanlcs element method. Various micromechanical models have been proposed in the literature, but none of them
jultiscale

have been conclusively shown to agree with the critical state theory given theoretical proof, despite the
authors described that their models “approximately” reach the critical state. This paper modifies the previous
CHY micromechanical model that is compatible with the critical state theory based on the assumption that
the microscopic force—dilatancy relationship should align with the macroscopic stress—dilatancy relationship.
Moreover, under the framework of the CHY model, the fabric anisotropy can be easily considered and the
anisotropic critical state can be achieved with the introduction of the fabric evolution law. The model is
calibrated using drained and undrained triaxial experiments and the results show that the model reliably
replicates the mechanical behaviors of granular materials under both drained and undrained conditions. The
compatibility of the model with the critical state theory is verified at both macroscopic and microscopic scales.

Critical state
Fabric anisotropy

1. Introduction and Bathurst, 1989; Wan and Guo, 2001; Li and Dafalias, 2002; Suiker
and Chang, 2004; Chang and Hicher, 2005; Darve and Nicot, 2005b,a;

One of the most important tasks in the field of geotechnical en- Nicot and Darve, 2011; Xiong et al., 2017). With the consideration of
gineering is to develop an efficient and accurate constitutive model the force—displacement relationship at the contact level and the macro-
for granular materials. In the last several decades, granular materi- scopic behaviors retrieved from the average of the local contacts based
als have been considered as continuous media with the development on the Love-Weber formula (Love, 1927; Weber, 1966), the microme-
of continuum mechanics. Based on the continuum mechanics, phe- chanical models can provide a better understanding of the particle-scale
nomenological constitutive models have been widely used to describe behaviors than the continuum models and the computational cost

the mechanical behavior of granular materials. Due to the discrete
nature of the granular materials, an increasing number of difficulties
have been encountered in the application of the phenomenological
constitutive models, especially in the description of the particle-scale
behaviors. To overcome the difficulties, the discrete element method
(DEM) (Cundall and Strack, 1979) has been developed to consider these
behaviors at the particle scale by modeling the interactions between
individual particles. However, DEM is computationally expensive and
time-consuming due to the large number of particles and the complex
contact interactions.

The micromechanical models have received much more attention ; - ;
in the last several decades (Walton, 1987; Jenkins, 1988; Rothenburg phenomenological model. This approach makes the model acts like a

is much lower than the DEM simulations. Instead of describing the
status of every particle at the microscale, the micromechanical model
averages the microscopic quantities at contact in specific directions to
derive macroscopic behaviors in a statistical manner. This approach
proves to be significantly more efficient than the DEM simulations.
However, since we cannot determine the status of every particle, the
particle arrangement that is critical to macroscopic behaviors like
dilatancy cannot be determined. To account for the macroscopic behav-
iors, Chang and Hicher (2005) introduced a micromechanical model
that incorporates an advanced contact law similar to a macroscopic
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combination of several macroscopic models, with the added ability to
account for fabric anisotropy by adjusting directional weights within
the summation in the averaging operator. This model (noted as CHY
model) has been extended and proved its accuracy in clay (Chang
et al., 2009; Yin and Chang, 2009), sand-silt mixture (Yin et al., 2014),
anisotropic soils (Chang and Yin, 2010; Yin et al., 2010), unsaturated
soils (Hicher and Chang, 2007; Zhao et al., 2017) and instability
of sands (Chang et al., 2011; Zhao et al., 2018b). Nicot and Darve
(2011) introduced an alternative method (H-microdirectional model)
that integrates particle arrangements into the micromechanical model
by introducing a basic element composed of several particles, where
microscopic quantities such as forces and displacements are applied.
A simple Coulomb contact law is used to define the relationship be-
tween the contact force and displacement. Serving as an intermediate
approach between a micromechanical model that considers only two-
particle interactions and DEM, this ability of the model to simulate
complex behaviors remains uncertain due to the strong assumptions for
the basic element.

Achieving the critical state is essential for developing a microme-
chanical model. However, none of the models mentioned above are
proved to be compatible with the critical state theory. Although re-
searchers (Nicot et al.,, 2005; Chang and Hicher, 2005; Xiong et al.,
2017; Zhao and Kruyt, 2020) claimed that their proposed microme-
chanical models “approximately” converged to the critical state based
on the simulation results. However, no theoretical proof was provided
for their statements. How to propose a micromechanical model com-
patible with the critical state theory, for example based on the CHY
model, should be clarified. It was discovered that the incompatibility
of the original CHY model with the critical state theory is attributed
to the averaging strain tensor. Since the CHY model does not account
for the actual particle arrangements, a force—dilatancy relationship is
incorporated into the normal contact force-displacement relationship.
To ensure that the macroscopic stress—dilatancy relationship aligns
with the microscopic force—dilatancy relationship, the averaging strain
tensor must fulfill the requirement that zero contact normal displace-
ment leads to zero volumetric strain. However, the averaging strain
tensor derived from Liao et al. (1997) does not meet this requirement.
Therefore, in this paper, a new averaging strain formulation is proposed
to ensure that the model is compatible with the critical state theory.

Fabric anisotropy is another important aspect in granular materials.
Li and Dafalias (2012) proposed the framework of anisotropic critical
state theory where the fabric anisotropy is considered as another con-
dition for the critical state. Fabric anisotropy has been introduced in
the dilatancy state line, yield function and plastic potential function
(Papadimitriou et al., 2019; Petalas et al., 2019; Gao et al., 2014; Gao
and Zhao, 2017) to consider the effect of fabric anisotropy on the
critical state.

This paper aims to propose a micromechanical model that integrates
the critical state theory while accounting for fabric anisotropy. It begins
by introducing the original CHY model and subsequently describes
modifications to incorporate fabric anisotropy and critical state theory.
The proposed model is calibrated with data from drained and undrained
triaxial experiments on sands. The simulation results are then compared
with experimental data to validate the accuracy of the model in captur-
ing the mechanical behavior of granular materials at both macroscopic
and microscopic scales.

2. Introduction of the original CHY model

The CHY micromechanical model was initially proposed by Chang
and Hicher (2005) for sand, and later extended to simulate unsaturated
soils (Hicher and Chang, 2007; Zhao et al., 2017, 2019), clay (Chang
et al., 2009) and sand-silt mixture (Yin et al., 2014). Further extensions
were made to consider the effect of inherent anisotropy (Chang and Yin,
2010; Yin et al., 2010) and instability (Chang et al., 2011; Zhao et al.,
2018b). It was also integrated into the finite element software ABAQUS
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by using the user-defined material subroutine (Zhao et al., 2018a) to
solve boundary value problems. The following sections present the
micromechanical framework of the CHY model, including the inter-
particle contact law, macro-micro integration, consideration of fabric
anisotropy, and global mixed load control.

2.1. Inter-particle contact law

The inter-particle contact law is used to describe the force—
displacement relationship at the contact level.

2.1.1. Elasticity
A nonlinear elastic model is used to describe the elastic behavior of
the contact:

dfe = k& du k&€ = diag([kS, kS, k<) @

i

where ff is the contact force, u¢ is the contact displacement, kff is
the elastic stiffness matrix, and diag(-) is the diagonal function that
constructs a diagonal matrix from a vector. The normal stiffness k¢ and
tangential stiffness k¢ are expressed as:

fe n,
ki = k¢, <fr: > kS =k, gk, @
where f¢ is the normal contact force, ky, is the reference normal
stiffness, f,., is the reference contact force, n, is the elastic expo-
nent, and k,p is the ratio of the tangential stiffness to the normal
stiffness. According to Chang and Liao (1994), the Young’s modulus
E, shear modulus G, and Poisson’s ratio v for isotropic materials can
be calculated as:
10K kg
T T 243k
_ Skfr krR
T oo 3+42kp
1- krR
T 243k

3

v

where v = (3V)/Q2N).

2.1.2. Plasticity
A Coulomb-type frictional contact law is used to describe the plastic
behavior with the yield function F expressed as:

¢ ¢ k;tan(bﬂufﬁc c ¢ fc 2 2
F=f¢— et k= kg, £ = \[(FO? + (SO,
fr fn f;tan¢p+k;uf’c P pPR™n fr fs fr

W = A J @l + )2

where f¢ and f{ are the shear contact forces, 1 and u;* are the plastic
shear displacements, and k, is a material constant. ¢, is the peak
friction angle which is a function of the friction angle accounting for
the interlocking effect:

4

tan ¢, = (%)np tan ¢ 5)

where e, is the critical state void ratio, e is the void ratio, and n, is the
interlocking exponent, ¢ is the critical friction angle. The critical state

line is expressed as:
o ¢
ec:e,ef—l<l7—a> (6)

where e, , is the reference void ratio, p' is the mean effective stress, p,
is the atmospheric pressure, and A is the slope of critical state line. A
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dilatancy law is defined as:

dub* ( I

=— =4y [an¢d—4> @
dul* IS

where A, is a dilatancy material constant, the dilatancy friction angle

¢, is defined as:

e \"
tand)d:(e—) tan ¢ (C))

c

where n, is the dilatancy exponent. The void ratio is updated as:
de = —de (1 + ¢j) 9

where de, is the volumetric strain increment, ¢ is the initial void ratio.

2.1.3. Transformation of the local and global quantities

The inter-particle contact law is defined at the local coordinates
(n, s, 1) whereas the stress—strain relationship is defined at the global
coordinates (x, y, z). Assume y is the azimuthal angle between the
contact normal and x axis and f is the azimuthal angle between the
projection of the contact normal in the yz plane and y axis, any local
quantity (Q,o,) can be transformed in the global coordinates (Qgjopa)
with the following rotation matrix (Iyanaga and Kawada, 1993):

_ _p-1 _RT
Qlocal - Rleobal’ leobal =R Qlocal =R Qlocal

cosy sinycosf  sinysinf (10)
R=|-siny cosycosf cosysinf
0 —sinf cosf

2.2. Macro—micro integration

The macro-micro integration relates the macroscopic variables to
the microscopic variables. The CHY micromechanical model adopts a
best-fit static hypothesis that the mean displacement field is the best-fit
of the actual displacement field. Based on the best-fit hypothesis, the
local contact displacements can be averaged to the global strain:

N N -1
1 1
dej = o D duil A, A, = <V 2151;> an
c=1 c=1

where uf is the contact displacement, l; and I are branch vectors, N /V
is number of contacts per unit volume, and A, is the fabric tensor. The
relationship between the local contact forces and the global stress is
given by the Love-Weber formula (Love, 1927; Weber, 1966):

N
1
oy=1 Zlfflj (12)
o=
Combining Egs. (11) and (12), the global stress can be localized to the
local contact forces (Liao et al., 1997):
df¢ = do; I°A; 13)

i yontmyn

Combining Egs. (1), (11), and (13), the stress-strain relationship can
be obtained (Hicher and Chang, 2005):

1S (ye )
de; = Sydon. Sy = 3 2 (K9 ) I lAAL 14
c=1

where S, is the elastic compliance tensor.
2.3. Consideration of the fabric anisotropy

The fabric anisotropy can be easily considered in the CHY model
by adjusting the directional weights within the summation in the av-
eraging operator. According to the definition, the fabric tensor F;; can
be related to the fabric tensor A;; shown in Eq. (11) by the following
equation:
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=42 0N, =428 (ZF, + 11, (15)
where r is the particle radius, I; is the identity tensor.

Two types of the fabric evolution laws exist in the literature: the
stress-rate driven evolution law (Wan and Guo, 2004; Yang, 2014;
Hu et al., 2021) and the strain-rate driven evolution law (Sun and
Sundaresan, 2011; Li and Dafalias, 2012; Tian and Yao, 2018; Zhao
and Kruyt, 2020; Wang et al., 2020). In this paper, we adopt the strain-
rate-driven evolution law proposed by Zhao and Kruyt (2020), as it has
been integrated into the CHY micromechanical model. The expression
for the evolution law of the fabric tensor is as follows:

p
dF = h {FL, ~-F: deq exp [m(M — ) + ny] } de? 16)
lldeg |l !
where y = e — ¢, is the state parameter defined by Been and Jefferies
(1985), h, m and n are the model parameters, F, = /F, : F, is the
critical value of normalization of the fabric tensor, dej is the plastic
deviatoric strain increment, M is the critical stress ratio, 7 is the stress
ratio.

The localization of global variables to local variables (e.g. Eq. (13))
is accomplished through the use of the static hypothesis. However, the
averaging of the local variables to the global variables (e.g. Eqs. (11)
and (12)) requires the integration of the local variables over the contact
orientations. Assume ¥ is a local variable, the integration of ¥ over the
contact orientations can be discretized as the summation of the local
variables weighted by the directional distribution function based on the
Gauss integration method over the sphere (Bazant and Oh, 1986):

N
wm)ém)¥ (n) a7
c=1

() = / EP )R ~
Q

where w(n) is the weights of the Gauss integration points.

2.4. Global mixed load control

The global mixed load control is used to obtain the stress incre-
ment under general mixed stress and strain loadings. As mentioned
by Zhao et al. (2018a), one of the difficulties in implementing a mi-
cromechanical model based on the static hypothesis is to calculate the
stress increment under mixed stress and strain loadings. To overcome
the difficulties, Zhao et al. (2018a) expressed the loading control as
linearized constraints (Bardet and Choucair, 1991):

Sdo" + Ede" = dX" (18)

where S and E are constraint matrices depending on the loading path
which can be found in Zhao et al. (2018a) and dX is the mixed
stress and strain increments. The stress and strain increments can be
obtained by combining the linearized constraints with the stress—strain
relationship at the macroscopic level:

do" = DPde" 19)

where D is the elastoplastic stiffness matrix.

The challenge in solving Egs. (18) and (19) lies in the unavailability
of the elastoplastic stiffness D¢’. Zhao et al. (2018a) developed an
iterative algorithm to solve the mixed stress and strain increment
problem. Initially, the stress and strain increments are predicted using
the elastic stiffness matrix D¢. Subsequently, these predicted values are
corrected to adhere to the plasticity of the local contact behaviors.
Detailed information can be found in Zhao et al. (2018a).

2.5. Implementation of the CHY model

Fig. 1 shows the implementation of the CHY model based on the
above sections.
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Fig. 1. Implementation of the CHY model.

3. Critical-state compatible CHY micromechanical model

Although Chang and Hicher (2005) and Zhao and Kruyt (2020)
described that the CHY model satisfies the critical state theory, no
theoretical proof was provided. In this section, we propose a modified
CHY model that is compatible with the critical state theory with a
theoretical proof.

3.1. Modifications for critical-state compatibility

As shown in Fig. 1, the local contact force is derived from the global
stress using the static hypothesis presented in Eq. (13). The contact
displacement is then calculated based on an elastic trial employing the
elastic stiffness matrix, resulting in a fully elastic contact displacement
with no plastic deformation. Since the strain is derived from the contact
displacement according to Eq. (11), it also remains entirely elastic.
Conversely, the contact force is updated according to the elastoplastic
contact law, and the stress is calculated using the Love-Weber formula
in Eq. (12). Thus, it can be concluded that the stress consists of both
elastic and plastic components, whereas the strain is purely elastic.

To ensure that the plastic deformation is correctly accounted in the
strain, the contact displacement is added by the plastic displacement
generated by the elastoplastic contact law:

c
si

4
ti

(20)

]T
where du}* is the elastic displacement, du/ is the plastic displacement,
d4; is the plastic multiplier, and x{, and n;, are the shear direction

(du¢)' = du’ +du?* = du?® +d2, [DS nS, n

vectors. The volumetric strain can be calculated from Eq. (11):
1 N

de, =tr (de;;) =tr [7 Zduf
c=1

. . -1
—tr [de;.;v (k) A jn]

where de§j° is the strain increment when no fabric anisotropy is consid-
ered and its diagonal components can be calculated as:

LA (Ai;;)_] A,

21

N
de = 2r1N ; (du, cos® y — dug siny cos y)
1 N
dely = N Z (du,, sin® y cos? B + du, siny cos y cos® § — du, sin y sin § cos f)
c=1
;| X
de‘;;’ = N Z (du" sin? Y sin? f +dugsiny cosy sin? f + du, siny sin ff cos ﬁ)
c=1
(22)
The volumetric strain for isotropic materials can be calculated as:
] N
deb = tr (dely’) = == " du, (23)
c=1

Eq. (23) indicates that the macroscopic volumetric strain is deter-
mined entirely by the contact normal displacement for isotropic ma-
terials. This is desirable because it fulfills the requirement that zero
contact normal displacement leads to zero volumetric strain which
means that the microscopic force-dilatancy relationship aligns with
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Fig. 2. Implementation of the modified model.

the macroscopic stress—dilatancy relationship. However, for the case of
anisotropic materials, this requirement is not satisfied because of the
fabric tensor A,

For the CHY model, considering that the critical state is introduced
in the contact law to achieve the critical state in the macro scale,
it is reasonable to assume that the critical state at the micro-scale
and macro-scale should be consistent. For isotropic materials, previous
studies (Chang et al., 2009; Yin and Chang, 2009; Yin et al., 2014;
Hicher and Chang, 2007; Zhao et al., 2017) have shown that the CHY
model achieves the critical state at the macro-scale because the mi-
croscopic force—dilatancy relationship is automatically consistent with
the macroscopic stress—dilatancy relationship. However, for anisotropic
materials, they are not necessarily consistent. Therefore, To ensure that
the critical state at the micro-scale and macro-scale are consistent, the
fabric tensor A, is ignored in the calculation of the volumetric strain.
That is to say, Eq. (21) is modified as:

0, = 3 3

Both Eqs (20) and (24) result in the micromechanical model vio-
lating the principle of energy conservation, as follows:

) 15 Al 24)

N
c;;de;; = % Zfl."'duf (25)
c=1

When the applied strain is localized to contact displacement, the con-
tact displacement is added by the plastic displacement, and the average
strain tensor is adjusted to exclude the fabric tensor. This adjustment
results in an imbalance between the macroscopic strain and the mi-
croscopic contact displacement. To resolve this issue, both stress and
strain are evaluated to ensure equilibrium between contact forces and
displacements. In the mixed-load control algorithm, the unbalanced
stress and strain are determined as follows:
ol =8 (X" - o)

N (26)
ij

b _
gt — E(X” —eu)
where X" = X"~! + dX" is the mixed load vector. Then, the unbalanced
stress and strain will be checked:

Sc!  Ee'

Y 4y

foull Jeul
If the relative error exceeds the specified tolerance, tol, the unbalanced
stress and strain are passed to the subsequent step:

(27)

dxm! = Sa}‘jf”’ + Ee;‘;”’ (28)
Fig. 2 shows the implementation of the modified model. The only

difference between the modified model and the original model is the

balancing of strain 5?}'"- For the original model, the energy conservation
principle is automatically satisfied when the macroscopic stress and
contact forces are balanced according to Eq. (13). This means e‘i‘;”’ =0
satisfies automatically.

For the modified model, e;‘jf”’ # 0 because of the consideration of
plastic displacement and modification of the averaging strain tensor.
In this case, the unbalanced strain can be rewritten as:

LY (o)

c=1

Eunb

¢ A iso
i Al

njn

= Z dul’A, — (29)
The unbalanced strain is then passed to the mixed-load control al-
gorithm, where it is converted to stress increments with the stiffness
matrix D. The stress increments are then localized to the contact
forces based on the static hypothesis in the next iteration. Finally, the
mixed-load control algorithm is iterated until the unbalanced strain e’i‘j"b
converges to zero. This iteration is very much like the plastic correction
algorithm in conventional elastoplastic models where the plastic strain
is eventually generated and the stress is updated to correct the elastic
trial stress. Following the iterative process, Eq. (29) demonstrates that
despite modifications to contact displacements and adjustments to the
averaging strain tensor, the strain remains equivalence to its pre-
modification value. Consequently, the energy conservation principle
remains satisfied.

=de;; —

3.2. Proof of the critical state compatibility

With the above modifications, the void ratio converges to the crit-
ical state line, as the condition described by Eq. (23) ensures that
macroscopic strain reaches the critical state when microscopic dis-
placement also reaches the critical state. For dense sand, e < e,, the
dilatancy D{ is negative near the critical state, resulting in a negative
plastic normal displacement and therefore negative volumetric strain
is generated according to Eq. (24). According to Eq. (9), the void ratio
increases with the negative volumetric strain, and eventually, the void
ratio approaches the critical void ratio e,.

The uniqueness of the stress ratio at the critical state still re-
quires a theoretical proof. Under conventional triaxial loading condi-
tion, the mean and deviatoric stresses can be simplified as the following
equations based on Eq. (12):

N
1 2r

p= gtf(o')— szlfn

V3L =1 (201 -

%Z‘Zf,,—3 , sin y+f3§1nyco€y)‘

(634 03) ’ (30)

<
1]
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Fig. 3. Evolution of contact forces: (a) drained triaxial test; (b) undrained triaxial test.

where 6, 0,, and o3 are the principal stresses, p is the mean stress, g is
the deviatoric stress, J, is the second invariant of the deviatoric stress
tensor. Based on the static hypothesis shown in Eq. (13), the contact
normal and shear forces can be calculated as:

fu= TN (o cos’ y + o5 sin’ ¥) = fuis + Ry3cos2y

fi= % (o) sinycosy — o3siny cosy) = Ry3sin2y, f, =0 (€20)]
k14 3V

Jar3 = N (01 +03),Ri3 = N (01 =03)

It is noteworthy that the normal and shear forces in Eq. (31) lie on
a circle with the center at (f,3,0) and a radius of R;;. For further
demonstration, drained and undrained triaxial tests are simulated using
the original model with the parameters in Zhao et al. (2018a), and the
evolution of the contact forces under drained and undrained conditions
is presented in Fig. 3. As shown in the figure, under drained and
undrained conditions, the contact normal and shear forces lie on a
microscopic Mohr’s circle.

Substituting Eq. (31) into Eq. (30) and performing integrations over
all contact directions, the stress ratio # can be expressed as:

2rN Ry; rN 4|Ry3| q 6| R3]
= fos =57 4= ===

P=%3y v "3 " T 3Ry
According to Fig. 3, Rj3 = +f,3sin¢ at critical state (positive for
triaxial compression). Therefore, the stress ratio at critical state can be
calculated as:

_ 6f,13sin¢ _ 6sing

 3fu3F fuasing 3Fsing
Eq. (33) shows that the stress ratio at critical state is unique and only
depends on the friction angle ¢. It is noteworthy that the stress ratio at
critical state is same as the one in the Mohr-Coulomb model. Under
general loading conditions, the critical stress ratio only depends on
the friction angle ¢ and the intermediate stress ratio b. However, the
derivation is complicated and will not be presented here.

The above analysis shows that the void ratio and stress ratio at
critical state are unique in triaxial space, proving that the modified
model is compatible with the critical state theory.

(32)

(33)

3.3. Summary of model parameters

Table 1 shows the summary of model parameters. The elasticity
parameters for the contact law are related to the elastic moduli as
shown in Eq. (3). The critical state and dilatancy parameters are
similar to those in conventional macroscopic models. The parameter
k,g controls the shape of the yield surface and parameters h, m and n
control the evolution of the fabric tensor.

Table 1
Summary of model parameters.
Category Parameter Description
Elasticity kyo Initial normal stiffness

n, Exponent of normal stiffness for normal force

k.r Shear stiffness ratio
Yield surface kypr A constant in yield surface
Critical state o, Critical friction angle
€rer Reference critical void ratio
A Slope of critical state line
n, Exponent for effect of interlocking
Dilatancy ny Exponent for effect of dilatancy
Ay A dilatancy parameter
Fabric evolution F,, Norm of critical fabric tensor

h Constant to control velocity of fabric evolution
Constants for effects of # and y on fabric evolution

4. Evaluations of the modified model

To evaluate the modified model at both macroscopical and micro-
scopical scales, drained and undrained triaxial experiments and DEM
simulations were collected from the literature. Table 2 summarizes the
experiments used for model evaluations.

4.1. Calibration of model parameters

The model parameters for Hostun sand are mainly adopted from
Zhao et al. (2018a) with minor modifications because of the considera-
tion of plastic displacements. For the Toyoura sand, the calibrations of
friction angle ¢, and critical state line parameters e,,, and 4 are shown
in Fig. 4.

According to Eq. (33), the friction angle should be around 20.3
degrees to match the critical stress ratio. However, because of the
consideration of fabric anisotropy, the critical stress ratio for the mi-
cromechanical model is higher than the one in the isotropic case
because there are more contacts in the loading direction to resist the
loading. Therefore, the friction angle is recalibrated to 15.6 degrees
to match the critical stress ratio. The parameters k,, and k,z can be
calibrated from the value of Young’s modulus and Poisson’s ratio based
on the relationship between contact stiffness and elastic moduli as
shown in Eq. (3). Other parameters like kg, n,, n;, A; and param-
eters for fabric evolution are difficult to be directly calibrated from
the experimental data because they describe the microscopic inter-
particle behaviors which are not directly observable in the macroscopic
experiments, despite the fact that they are indirectly related to the
macroscopic behaviors. Therefore, these parameters are derived from
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Fig. 4. Calibration of model parameters: (a) friction angle; (b) critical state line.

Table 2
Summary of experiments for model evaluations.
Sand ds, (mm) py (kPa) Drainage ey Reference
Hostun 1.3 100/300/800 Drained 0.502-0.722 Biarez and
Hicher (1994)
Toyoura 0.22 50/100/400 Drained/Undrained 0.572-0.713 Gu et al. (2014)
Table 3
Calibrated parameters for experiments by Biarez and Hicher (1994) and Gu et al. (2014).
Sand k,o (N/mm)  n, kg kyr b ) e A & n, ny Ay F. h m n
Hostun 30.2 1.06 0.65 0.11 319 0.80 0.05 1.00 159 238 0.73 - - - -
Toyoura  68.7 039 023 025 156 0.733 0.019 1.00 1.84 502 150 041 453 206 0.01

previous studies (Chang and Hicher, 2005; Zhao et al., 2018a; Zhao
and Kruyt, 2020) with minor modifications to match the experimental
results based on an optimization algorithm. The calibrated parameters
are listed in Table 3.

4.2. Drained triaxial experiments on Hostun sand

Fig. 5 presents comparisons between simulations and triaxial exper-
iments on Hostun sand. The results indicate that the modified model
accurately captures the stress-strain behavior of Hostun sand under
various confining pressures and densities. At the critical state, both
deviatoric stress and void ratio converge to the critical state values.
The evolution of local contact forces on Hostun sand is illustrated
in Fig. 6. The relationship between normal and shear forces appears
linear, comparable to the relationship between the mean and deviatoric
stresses observed in drained triaxial experiments. This is attributed
to the static hypothesis in Eq. (13), which assumes uniform stress
distribution at the microscopic level within the heterogeneous material.

For the relationship between the shear force and shear displacement
in Fig. 6, we can conclude that the shear forces are mobilized to
different degrees at different directions. The active contact forces are
mainly concentrated in directions from 45° to 72°. The largest shear
displacement is observed at 55° which is very close to the direction
45° + ¢/2, showing that a shear band is most likely to form in this
direction. The relationship between the shear force and shear displace-
ment is very much like the stress—strain relationship in the macroscopic
scale, where a peak force is observed for dense sand and the peak force
ratio decreases with the increase of the normal force.

The distribution of normal and shear displacements in various di-
rections is shown in Fig. 7. Notably, the largest normal and shear
displacements occur at the orientation angle of 55°, as previously
discussed. In experiments with dense sand, dilative responses are ob-
served within the shear band, while experiments with loose sand show
contractive responses. This aligns with the macroscopic stress—strain

relationship, where dense sand exhibits a dilative response and loose
sand shows a contractive response. Consequently, the averaging strain
tensor in Eq. (24) effectively links microscopic and macroscopic dila-
tancy behaviors. Furthermore, the shear displacement at an orientation
angle of 55° increases rapidly, suggesting a shear band is likely to form
in this direction.

4.3. Drained and undrained triaxial DEM simulations

4.3.1. Macroscopic behaviors

Fig. 8 shows comparison between model predictions and DEM sim-
ulations conducted by Gu et al. (2014) for drained triaxial experiments.
In general, the results indicate that the simulations align well with
the experimental data. A softening behavior is observed in dense sand,
whereas loose sand exhibits a continuous hardening behavior. Notably,
all experiments show contraction in the initial stage; subsequently,
dense sand undergoes dilation, while loose sand continues to contract.
Both the stress ratio and void ratio converge to the critical state values.

For experiments with same density and different confining pres-
sures, the results show that, despite having the same density, the
sample exhibits a more pronounced dilative response at lower confining
pressure (50 kPa) compared to higher confining pressure (400 kPa),
aligning with observations from previous studies (Alonso-Marroquin
et al., 2006). In the 400 kPa experiment, the simulation underestimates
the softening behavior, likely because the model overestimates the
impact of confining pressure on the dilative response in the critical
state line. However, the model successfully captures the critical state
behaviors, as both the stress ratio and void ratio converge to the critical
state values.

Fig. 9 shows comparisons between model predictions and DEM
simulations conducted by Gu et al. (2014) for undrained triaxial ex-
periments. In general, the simulations align well with the experimental
data. However, for very dense sand (¢, = 0.572), the simulation
overestimates the dilative response compared to the DEM results. In
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Fig. 5. Comparison between the simulations and experiments on Hostun sand: (a) deviatoric stress; (b) void ratio.
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the case of very loose sand ¢, = 0.713, the DEM results exhibit static
liquefaction, whereas the simulation predicts a steady state, indicating
that the simulation underestimates the contractive response. For other
experiments, the simulation results agree closely with the DEM results.
These findings suggest that the model underestimates the contractive
response for very loose sand. This discrepancy highlights that the con-
tact dilatancy model in Eq. (7) overestimates the dilatancy behavior of
soils. Further investigation is necessary to improve the model; however,
this is beyond the scope of this paper.

For experiments with same density and different confining pres-
sures, the results show that the sample exhibits a more pronounced
dilative response at lower confining pressure (50 kPa) compared to
higher confining pressure (400 kPa) which is similar with the drained
triaxial experiments. Both the stress ratio and void ratio converge to
the critical state values.

In summary, the modified model accurately aligns with the exper-
imental data from both drained and undrained triaxial experiments.
Both the stress ratio and void ratio converge to their respective critical
state values. Additionally, it successfully simulates the observed dilative

and contractive responses, although minor discrepancies remain for
extremely dense or loose sand conditions.

4.3.2. Fabric anisotropy

Chantawarangul (1993) derived that the stress ratio can be ex-
pressed in terms of fabric anisotropies based on the Love-Weber for-
mula:

4 = 0.4a, +0.4a, + 0.6a, (34
p

where q,, a,, and «, are the fabric anisotropies of the contact normal,
normal and shear forces, respectively. The fabric anisotropies can be
calculated as:

3 3 [3 .
a, = \/EF’fj Fa, = \/EFZ LFa =\ 3F F (35)

where F, F, and F!, are the deviatoric parts of the correspond-
ing fabric tensors. Detailed derivations can be found in literature
(Chantawarangul, 1993; Ouadfel and Rothenburg, 2001).
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Fig. 8. Comparison between model predictions and DEM simulations by Gu et al. (2014): (a-b) deviatoric stress; (c—d) volumetric strain; (e—f) void ratio.

Fig. 10 presents a comparison of model predictions and DEM sim-
ulations from Gu et al. (2014), focusing on the fabric anisotropy of
contact normals. The simulations demonstrate strong agreement with
the experimental findings. Notably, a unique state of fabric anisotropy
is observed in both drained and undrained experiments, confirming
the compatibility of the fabric evolution law in Eq. (16) with the
anisotropic critical state theory. It is important to highlight that, in
the model, fabric anisotropy is directly incorporated through the fabric
tensor of contact normals, without the need to modify the yield surface
or force—dilatancy relationship as required by conventional models (Li
and Dafalias, 2012; Gao et al., 2014).

10

Fig. 11 shows the validation of the stress—force-fabric relationship.
The results show that the stress ratio agrees well with the fabric
anisotropies of the contact normal, normal and shear forces.

4.3.3. Comparison with the original model

To demonstrate the improvements of the modified model, the orig-
inal model is employed simulate the drained triaxial experiments con-
ducted by Gu et al. (2014) with the same parameters listed in Table
3.

Fig. 12 illustrates the comparison between the original and modified
models at critical state. The results indicate that the stress ratios for



H.-L. Wang et al.

Computers and Geotechnics 186 (2025) 107379

T 600 T T
DEM simulation Multiscale simulation DEM simulation Multiscale simulation
6 po=100kPa,eq = 0.572 | —— po = 100kPa, eo = 0.572 o po = 50kPa, eo = 0.629 po = 50kPa, ep = 0.62!
1000 67 5o = T00KPa, o = 0.673 | === po = 100kPa, eo = 0.673 5001 ©  Po=400kPa,eq = 0.629 | === po = 400kPa, co = 0.629
o po=100kPa,eq = 0.707 | -+ po = 100kPa, eg = 0.707
6 po=100kPa,eo = 0.713 | —— po = 100kPa, eo = 0.713 .
. 800 —~ B N NI
= = L ) ]
& £ 400
< ° o ° <3
@ o09°°%00 > 0% 0 oo0—o—F -
3 . ° 5
% 600 ° E 300
1] -
3 3
8 2
Z 400 K}
z z 200
A A
o-0-0-0-2-2-2_0-¢
200 - = 1 100
01 j i . .
(a) 0 10 20 30 40 50 (b) 0 10 20 30 40 50
Axial strain (%) Axial strain (%)
T T 600
DEM simulation Multiscale simulation DEM simulation Multiscale simulation
o po = 100kPa, ep = 0.572 —— po = 100kPa, eq = 0.572 o po =50kPa,ep = 0.629 —— pp = 50kPa,ep = 0.629
1000 5 50 = T00kPA, eg = 0.673 === po = 100kPA, eo = 0.673 1 500 L0 po = 400kPa, e = 0.629_==="_py = 100KPa, ¢o = 0.629
o po = 100kPa,ep = 0.707 -+ po = 100kPa, eg = 0.707 === Critical state line
o po=100kPh,eo = 0.713 —-— po = 100kPa, eo = 0.713
800 —==._Critical state line .
< < 400
Ay =%
& ° - =
o o ©° © ©ogeo@P ”
8 . ) -~ 8
i 600 . g Z 300
E o e £ °
E o 7 é o p,
= ° 400 = o et
£ 400 5 = z 200 5 P 4
a ° - A o
S e o/ 7
;f 50 o5 o "
200 - S 22 1 w0 Py 23
o 0 o/
o [e® 7
0 50 100 150! tad
0 1 I 0
(C) 0 200 400 600 800 (d) 0 100 200 300 400 500 600

Mean stress (kPa)

Mean stress (kPa)

Fig. 9. Comparison between model predictions and DEM simulations by Gu et al. (2014): (a-b) axial strain vs. deviatoric stress; (c-d) mean stress vs. deviatoric stress.
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Fig. 10. Comparison between model predictions and DEM simulations by Gu et al. (2014) for fabric anisotropy: (a) drained experiments; (b) undrained experiments.

both original and modified models converge to the critical state value.
This convergence can be attributed to the consideration of both elastic
and plastic components in the contact force, which causes the stress
ratio to stabilize at the critical state as the contact force reaches the
critical state. However, the void ratio for the original model does not
reach the critical state value, while the modified model does. This
improvement is attributed to the modified strain formulation, which
incorporates plastic deformation, effectively linking macroscopic strain
with microscopic contact displacement, as described in Egs. (20) and
(24). Although the void ratio for the original model converges to a
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constant value under specific stress levels, it does not converge to the
specified critical state line. Taking into account the fact that the original
model does not account for plastic displacements, the strain is linearly
related to the stress. This means that the convergence of the strain
is in accordance with the contact forces, but not necessarily with the
contact displacements. However, the introduction of the critical state
line in the contact law originally by Chang and Hicher (2005) aims to
capture the dilatancy and interlocking effects. For anisotropic materi-
als, the microscopic force—dilatancy relationship is not consistent with
the macroscopic stress—dilatancy relationship, leading to a discrepancy
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between the void ratio and critical state line. The modification of the
strain formulation in the modified model effectively resolves this issue,
ensuring that the void ratio converges to the critical state line.

To demonstrate the fact that the strain in the modified model is
governed by the contact displacement, the contact normal displacement
increments for both dense sand and loose sand with drained exper-
iments are compared between the original and modified models in
Fig. 13. For the original model, the normal displacement increment
at the orientation angles of 45° and 54.7° is not zero. However,
the volumetric strain is zero at the critical state, which indicates
that the local force—dilatancy relationship is not consistent with the
macroscopic stress—dilatancy relationship. For the modified model, the
total and plastic normal displacement increments at all orientation
angles reach zero at the critical state, which indicates that the lo-
cal force—dilatancy relationship is consistent with the macroscopic
stress—dilatancy relationship.

For undrained experiments, similar comparisons are made between
the original and modified models in Fig. 14. Although the macroscopic
volumetric strain is controlled to be constant during loading, the mi-
croscopic normal displacement increment does not converge to zero at
the critical state for the original model, especially for the orientation
angles of 45° and 54.7°. Moreover, the total normal displacement
increment converge to a constant value about 0.0001 mm whereas
the macroscopic volumetric strain integrated from the normal displace-
ment increment converges to zero, once again indicating that the local
force—dilatancy relationship is not consistent with the macroscopic
stress—dilatancy relationship. For the modified model, the total and
plastic normal displacement increments at all orientation angles reach
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zero at the critical state, proving that the model aligns with the critical
state theory at both the macroscopic and microscopic levels.

5. Conclusions

In this paper, a modified CHY model was proposed to ensure com-
patibility with the critical state theory. The model was validated us-
ing drained and undrained triaxial experiments and DEM simulations.
Based on the results, the following conclusions can be drawn:

The modified model aligns well with critical state theory, as both
the stress ratio, void ratio, and fabric tensor converge to their
respective critical state values. The model effectively captures
the dilative and contractive responses observed in drained and
undrained triaxial experiments.

The stress—force-fabric relationship is well represented by the
model, confirming its compatibility with the Love-Weber for-
mula. The fabric anisotropy of contact normals is accurately
captured by the model, demonstrating its consistency with the
anisotropic critical state theory.

The local contact behaviors are consistent with the macroscopic
behaviors. The shear forces are mobilized to different degrees at
different directions, and the shear displacement develops rapidly
at the orientation angle of 55°, indicating that a shear band is
likely to form in this direction.

The modified model improves upon the original model by incor-
porating plastic displacement in total displacement which will
be averaged to strain, ensuring that the void ratio converges
to its critical state value. The model effectively links macro-
scopic strain with microscopic contact displacement, aligning
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with critical state theory at both the macroscopic and microscopic
levels.

Although the modified model demonstrates good compatibility with
critical state theory, some discrepancies remain. For example, the
model overestimates the dilative response for very dense sand and
underestimates the contractive response for very loose sand. Further
investigation is necessary to improve the model.
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